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GALOIS MODULE STRUCTURE OF ORIENTED
ARAKELOV CLASS GROUPS
ALEX BARTEL1, HENRI JOHNSTON2, AND HENDRIK W. LENSTRA JR.3
Abstract. We show that Chinburg’s Ω(3) conjecture implies tight re-
strictions on the Galois module structure of oriented Arakelov class
groups of number fields. We apply our findings to formulating a proba-
bilistic model for Arakelov class groups in families, offering a correction
of the Cohen–Lenstra–Martinet heuristics on ideal class groups.
1. Introduction
The present paper is concerned with the Galois module structure of oriented
Arakelov class groups of number fields, and with the consequences for the
Cohen–Lenstra–Martinet heuristics on class groups of “random” number
fields.
The oriented Arakelov class group P˜ic
0
F of a number field F was first
defined by Schoof in [Sch08], and we will recall the definition in Section 3.
It is a compact abelian group, which “knows” the unit group O×F and the
class group ClF of the ring of integers OF of F . Its Pontryagin dual A˜rF is
a finitely generated Z[AutF ]-module.
Henceforth all modules will be assumed to be left modules unless stated
otherwise. Recall that for a ring T , the Grothendieck group G0(T ) of the
category of finitely generated T -modules is the additive group generated
by expressions [M ], one for each isomorphism class of finitely generated T -
modules M , with a relation [L] + [N ] = [M ] whenever there exists a short
exact sequence 0 → L → M → N → 0 of finitely generated T -modules. In
Section 5 we will show the following.
Theorem 1.1. Let F/K be a finite Galois extension of number fields, let d
be the degree of K over Q, and let G be the Galois group of F/K. Suppose
that “Chinburg’s Ω(3) conjecture modulo the kernel group”, Conjecture 5.6,
holds for F/K. Then the equality
[A˜rF ] = d · [Z[G]]− [Z]
holds in G0(Z[G]).
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In particular, Theorem 1.1 gives a conditional answer to Question 5.5 in
[BLJ20].
For a set P of prime numbers, let
Z(P ) = {a/b : a, b ∈ Z, b 6∈
⋃
p∈P∪{0} pZ}.
If P is such a set, then the conclusion of Theorem 1.1 implies an analogous
statement for the Z(P )[G]-module Z(P ) ⊗Z A˜rF in the Grothendieck group
G0(Z(P )[G]).
Of particular interest to us will be the special case when P does not con-
tain any prime divisors of 2 ·#G, and in this case that analogous statement
can sometimes be proven unconditionally. For example in [BLJ20, Theorem
5.4], this was proven in the special case that G is abelian and K = Q. An-
other example is given by the following special case of Proposition 5.1, which
will be proven in Section 5.
Proposition 1.2. Let F/Q be a Galois extension of degree less than 112,
let G be the Galois group, and let P be a set of prime numbers not dividing
2 ·#G. Then the equality
[Z(P ) ⊗Z A˜rF ] = [Z(P )[G]] − [Z(P )]
holds in G0(Z(P )[G]).
Our main motivation for this work comes from the Cohen–Lenstra–Martinet
heuristics. These were originally formulated in [CLJ84] to explain the be-
haviour of ideal class groups in families of quadratic number fields, and were
extended in [CM90] to much more general families of number fields. It was
shown in [BLJ20] that these heuristics can be conceptually understood via
a certain subgroup of A˜rF , the Pontryagin dual ArF of the (unoriented)
Arakelov class group. Namely, the heuristics can be interpreted as saying
that locally at a finite set of “good” primes, ArF looks like a random Galois
module that is isomorphic to a given module X with a probability that is
inversely proportional to #AutX. However, for abelian number fields Theo-
rem 5.4 in [BLJ20], mentioned earlier, poses an obstruction to this being true
globally. Theorem 1.1 allows us to understand such global obstructions for
general Galois extensions, and thus to formulate a global Cohen–Lenstra–
Martinet heuristic. This will be carried out in Section 4. Roughly speaking,
our heuristic postulates that the dual Arakelov class group of a “random”
number field is equidistributed among all Galois modules that are compat-
ible with Theorem 1.1 with respect to the measure that gives an isomor-
phism class of such modules X a probability weight that is proportional to
1/#AutX – see Heuristic 4.3 for the precise formulation.
Acknowledgements. We would like to thank Ted Chinburg and Aurel
Page for helpful conversations. The first named author gratefully acknowl-
edges financial support through EPSRC Fellowship EP/P019188/1, ‘Cohen–
Lenstra heuristics, Brauer relations, and low-dimensional manifolds’. The
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GALOIS MODULE STRUCTURE OF ORIENTED ARAKELOV CLASS GROUPS 3
2. Grothendieck groups of orders
In this section we review some standard facts about Grothendieck groups
of orders, and examine the effect of some duality operations upon these
Grothendieck groups.
Let R be a Dedekind domain and let k be the field of fractions of R.
An R-order is an R-algebra that is finitely generated and projective as an
R-module. For example if G is a finite group, then the group ring Λ = R[G]
is an R-order.
Let Λ be an R-order. A finitely generated Λ-module that is projective
over R will be referred to as a Λ-lattice. Let GR0 (Λ) denote the Grothendieck
group of the category of Λ-lattices. By definition, GR0 (Λ) is the additive
group generated by expressions [M ], one for each isomorphism class of Λ-
lattices M , with a relation [L] + [N ] = [M ] whenever there exists a short
exact sequence 0 → L → M → N → 0 of Λ-lattices. By [CR87, (38.42)],
the inclusion of the category of Λ-lattices into the category of all finitely
generated Λ-modules induces an isomorphism GR0 (Λ)
∼= G0(Λ).
Let Λop denote the opposite ring of Λ. If M is a Λ-lattice, then M∗ =
HomR(M,R) is a Λ
op-lattice. This defines a contravariant functor from the
category of Λ-lattices to the category of Λop-lattices, given on objects by
M 7→M∗ for every Λ-latticeM , and on morphisms by f 7→ (ν 7→ ν◦f) ∈M∗
for every morphism f : M → N of Λ-lattices and every ν ∈ N∗. This functor
is easily seen to be exact, and to induce a group isomorphism GR0 (Λ) →
GR0 (Λ
op), and hence an isomorphism G0(Λ)→ G0(Λ
op), which we will denote
by σ.
For a Λ-module N , we define N∨ = HomR(N, k/R), which is also a Λ
op-
module. If N is a finitely generated Λ-module that is R-torsion, then N∨ is
finitely generated over Λop and R-torsion.
Proposition 2.1. Let N be a finitely generated Λ-module that is R-torsion.
Then the equality
[N∨] = −σ[N ]
holds in G0(Λ
op).
Proof. Since R is a Dedekind domain, every Λ-submodule of a Λ-lattice is
itself a Λ-lattice. Hence there exists a presentation 0→M1 →M2 → N → 0
for N by Λ-lattices, so that [N ] = [M2]− [M1] in G0(Λ). We claim that N
∨
is canonically isomorphic as a Λop-module to M∗1 /M
∗
2 .
SinceM1 andM2 are projective over R, applying the functors HomR(Mi, •)
for i = 1, 2 to the short exact sequence
0 −→ R −→ k −→ k/R −→ 0
yields the commutative diagram with exact rows
0 // HomR(M2, R) //

HomR(M2, k) //

HomR(M2, k/R) //

0
0 // HomR(M1, R) // HomR(M1, k) // HomR(M1, k/R) // 0,
where the vertical maps are induced by the injection M1 → M2. Of these,
the middle map HomR(M2, k) → HomR(M1, k) is an isomorphism. Indeed,
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it is the k-linear dual of the map k ⊗R M1 → k ⊗R M2, which is clearly
an isomorphism, since the cokernel N of M1 →M2 is R-torsion. The snake
lemma therefore gives an isomorphism of right Λ-modules from the kernel
of HomR(M2, k/R) → HomR(M1, k/R) to the cokernel of HomR(M2, R) →
HomR(M1, R). Since HomR(•, k/R) is left exact, that kernel is exactly N
∨,
while the cokernel is precisely M∗1 /M
∗
2 , as claimed. The proposition imme-
diately follows. 
3. Oriented Arakelov class group
In this section we recall from [Sch08] the definitions of the Arakelov class
group and the oriented Arakelov class group of a number field, prove some
properties of oriented Arakelov class groups as Galois modules, and formu-
late the main working hypothesis that we will assume for the purposes of
statistical heuristics in Section 4. We refer to [Sch08] for further details on
Arakelov class groups.
For the remainder of this section, let F be a number field, let IdF be the
group of fractional ideals of OF , let S∞ denote the set of Archimedean places
of F , and let FR denote the e´tale R-algebra F ⊗QR =
∏
w∈S∞ Fw, where Fw
denotes the completion of F at w. We have canonical maps IdF → R>0 and
|Nm| : F×R → R>0, the first given by the ideal norm, and the second given by
the absolute value of the R-algebra norm. Let IdF ×R>0F
×
R denote the fibre
product with respect to these maps. The oriented Arakelov class group P˜ic
0
F
of F is defined as the cokernel of the map F× → IdF ×R>0F
×
R that sends
α ∈ F× to (αOF , α). It follows from Dirichlet’s unit theorem and from the
finiteness of the class group of OF , that this is a compact abelian group.
For every w ∈ S∞ we have a direct product decomposition F
×
w
∼= R>0 ×
c(F×w ), where c(F
×
w ) is the maximal compact subgroup of F
×
w , which is equal
to {±1} if w is real, and to the circle group in Fw if w is complex. The
maximal compact subgroup c(F×R ) =
∏
w∈S∞
c(F×w ) of F
×
R is contained in
the kernel of the map |Nm|. Define the Arakelov class group Pic0F of F to be
the quotient of P˜ic
0
F by the image of {1} × c(F
×
R ) ⊂ IdF ×R>0F
×
R in P˜ic
0
F .
We briefly recall some facts on Pontryagin duality and refer the reader to
[NSW08, Chapter 1, §1] for a more detailed overview. If A and B are topo-
logical groups, then Homcts(A,B) denotes the group of continuous group
homomorphisms from A to B. Let C be the category of Hausdorff, abelian
and locally compact topological groups. If A is an object of C, then its
Pontryagin dual is defined to be Homcts(A,R/Z). This defines an involu-
tory contravariant autofunctor on C and induces an equivalence between
the full subcategories of compact abelian groups and of discrete abelian
groups. In particular, since Homcts(Z,R/Z) = HomZ(Z,R/Z) ∼= R/Z, we
have Homcts(R/Z,R/Z) ∼= Z.
Suppose that F/K is a finite Galois extension of number fields, and let G
be the Galois group. The ring Z[G] is equipped with an involution ι induced
by g 7→ g−1 for all g ∈ G. If M is a finitely generated Z[G]-module, then
we view the (Z[G]op)-module M∗ = HomZ(M,Z) as a finitely generated
Z[G]-module via ι, and we view the map σ introduced in Section 2, with
Λ = Z[G], as an automorphism of G0(Z[G]). Similarly, if A is an object of C
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on which G acts by continuous automorphisms, then we view its Pontryagin
dual Homcts(A,R/Z) as a Z[G]-module via ι. If N is a Z[G]-module of finite
cardinality, then Homcts(N,R/Z) = HomZ(N,Q/Z) = N
∨ is a finitely gener-
ated Z[G]-module, and ifM is a Z[G]-lattice, then Homcts(M⊗Z(R/Z),R/Z)
is isomorphic to M∗.
Lemma 3.1. Let F/K be a finite Galois extension of number fields, let G
be the Galois group, let S∞ be the set of Archimedean places of F , and let d
be the degree of K over Q. Then the equality
[Homcts(c(F
×
R ),R/Z)] = d · [Z[G]]− [Z[S∞]]
holds in G0(Z[G]).
Proof. If v is an Archimedean place of K, let Iv ⊂ G denote an inertia
subgroup at v, and let τv be a Z[Iv]-module defined as follows: if v is real
and Iv is the trivial group, then let τv = F2; if v is real and Iv has order 2,
then let τv be free over Z of rank 1, and with the generator of Iv acting by
−1; and if v is complex, so that Iv is necessarily trivial, let τv = Z. Then it
is easy to see that we have an isomorphism
Homcts(c(F
×
R ),R/Z)
∼=
⊕
v
IndG/Iv τv
of Z[G]-modules, where the direct sum runs over the Archimedean places of
K, and IndG/Iv denotes induction from Iv to G.
If v is a real place of K such that Iv is trivial, then the exact sequence
0 −→ IndG/Iv Z
×2
−→ IndG/Iv Z −→ IndG/Iv F2 −→ 0
shows that [IndG/Iv τv] = 0 in G0(Z[G]). We deduce that for all Archimedean
places v of K one has
[IndG/Iv τv] = δv[Z[G]] − [Z[G/Iv ]], (3.2)
where δv = 1 if v is real, and δv = 2 is v is complex. The result follows by
summing (3.2) over all Archimedean places v of K. 
Every permutation Z[G]-moduleM is isomorphic toM∗, so one has σ[M ] =
[M ] in G0(Z[G]). We will repeatedly use this observation. If S is a set of
places of F containing all Archimedean places, let OF,S denote the ring of
S-integers in F , let O×F,S denote its unit group, and let ClF,S denote its class
group. If S is G-stable, then O×F,S and ClF,S are Z[G]-modules. Write ArF
and A˜rF for the Pontryagin duals of Pic
0
F and P˜ic
0
F , respectively. These are
finitely generated Z[G]-modules.
Proposition 3.3. Let F/K be a finite Galois extension of number fields,
let G be the Galois group, let d be the degree of K over Q, and let S be a
finite G-stable set of places of F containing all Archimedean places. Then
the equality
[A˜rF ] = d · [Z[G]]− [Z[S]] + σ[O
×
F,S ]− σ[ClF,S]
holds in G0(Z[G]).
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Proof. Let Sf = S \S∞ denote the set of non-Archimedean places in S. The
subgroup of IdF generated by the prime ideals corresponding to the places
in Sf is free abelian on the set Sf . Below, when we write Z
Sf , we will mean
that subgroup. Let IdF,S be the quotient of IdF by the subgroup Z
Sf . It is
naturally isomorphic to the group of fractional ideals of OF,S . The preimage
of
ZSf×R>0 F
×
R ⊂ IdF ×R>0F
×
R
in F× is O×F,S . There is thus a commutative diagram of Z[G]-modules with
exact rows and columns
0

0

0

0 // O×F,S

// ZSf×R>0 F
×
R
//

T 0F,S

// 0
0 // F× //

IdF ×R>0F
×
R
//

P˜ic
0
F
//

0
0 // F×/O×F,S
//

IdF,S //

ClF,S //

0
0 0 0,
where T 0F,S is defined by the exactness of the first row, and the exactness of
the last column follows from the snake lemma.
Taking the Pontryagin dual Homcts(•,R/Z) of the right column, we de-
duce that
[A˜rF ] = [Cl
∨
F,S] + [Homcts(T
0
F,S,R/Z)] (3.4)
in G0(Z[G]).
The group ZSf×R>0 F
×
R can be explicitly described as follows: one has
ZSf×R>0 F
×
R ={(
(ap)p, (bw)w
)
∈ ZSf× (R>0)
S∞ :
∏
p∈Sf
#
(
OF
p
)ap
=
∏
w∈S∞
bδww
}
× c(F×R ),
where δw = 1 if w is real, and δw = 2 if w is complex. That group naturally
embeds into RSf×R>0 F
×
R , where the fibre product is taken with respect to
the map
RSf −→ R>0,
(ap)p∈Sf 7→
∏
p∈Sf
#
(
OF
p
)ap
,
and to the same map |Nm| : F×R → R>0 as before, so that we have an exact
sequence
0 −→ T 0F,S −→
RSf×R>0 F
×
R
O×F,S
−→ (R/Z)Sf −→ 0. (3.5)
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The preimage of {1} × c(F×R ) ⊂ Z
Sf×R>0 F
×
R in F
× is the group µF of
roots of unity in F . We therefore deduce from Dirichlet’s (S-)unit theorem
[Lan94, Ch. V, §1], that the middle term of (3.5) is an extension of the form
0 −→ c(F×R )/µF −→
RSf×R>0 F
×
R
O×F,S
−→ (O×F,S/µF )⊗Z R/Z −→ 0. (3.6)
Combining (3.4) with the Pontryagin duals of (3.5) and (3.6) and applying
Lemma 3.1, we see that there is an equality
[A˜rF ] = [Cl
∨
F,S] + d · [Z[G]]− [Z[S∞]]− [µ
∨
F ] + [(O
×
F,S/µF )
∗]− [Z[Sf ]
∗]
in G0(Z[G]). The result now follows by applying Proposition 2.1 and noting
that there are Z[G]-module isomorphisms Z[Sf ]
∗ ∼= Z[Sf ] and Z[S] ∼= Z[S∞]⊕
Z[Sf ]. 
Corollary 3.7. Let F/K be a finite Galois extension of number fields, let G
be the Galois group, let d be the degree of K over Q, and let S be a finite G-
stable set of places of F containing all Archimedean places, and large enough
such that ClF,S is trivial. Then the equality
[A˜rF ] = d · [Z[G]]− σ([Z[S]] − [O
×
F,S ])
holds in G0(Z[G]).
Proof. The result follows by combining Proposition 3.3 with the observation
that σ[Z[S] = [Z[S]]. 
Corollary 3.8. Let F/K be a finite Galois extension of number fields, let
G be the Galois group, and let S and S′ be two finite G-stable sets of places
of F , both containing all Archimedean places. Then the equality
[Z[S′]]− [O×F,S′ ] + [ClF,S′] = [Z[S]]− [O
×
F,S] + [ClF,S]
holds in G0(Z[G]).
Proof. The result follows by combining Proposition 3.3 with the observation
that σ[Z[S]] = [Z[S]] and σ[Z[S′]] = [Z[S′]]. 
Conjecture 3.9. Let F/K be a finite Galois extension of number fields, let
G be the Galois group, let d be the degree of K over Q, let S∞ be the set of
Archimedean places of F , let µF be the group of roots of unity in F , and let
σ be the automorphism of G0(Z[G]) induced by the involution g 7→ g
−1 on
Z[G], as defined in Section 2. Then the following equalities hold in G0(Z[G]):
(a) [A˜rF ] = d · [Z[G]]− [Z];
(b) [ArF ] = [Z[S∞]]− [Z]− σ[µF ].
Lemma 3.10. The two assertions of Conjecture 3.9 are equivalent. More-
over, the difference between the left hand side and the right hand side of each
of the two equations lies in the torsion subgroup G0(Z[G])tors of G0(Z[G]).
Proof. By [Sch08, Proposition 2.2] there is an exact sequence
0 −→ (O×F /µF )⊗Z R/Z −→ Pic
0
F −→ ClF −→ 0.
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Taking the Pontryagin dual of this sequence and applying Proposition 2.1
gives the equality
[ArF ] = σ[O
×
F /µF ]− σ[ClF ] (3.11)
in G0(Z[G]). By combining this equality with Proposition 3.3 with S = S∞,
we deduce that
[A˜rF ]− [ArF ] = d · [Z[G]]− [Z[S∞]] + σ[µF ], (3.12)
which is also the difference between the right hand sides of the equalities in
3.9 (a) and (b). This proves the equivalence of these equalities.
We now prove the last assertion. By Dirichlet’s unit theorem, there is an
isomorphism (R⊗ZO
×
F )⊕R
∼= R[S∞] of R[G]-modules and by the Noether–
Deuring theorem [CR81, Exercise 6.6], there is an analogous isomorphism of
Q[G]-modules. Let θ : G0(Z[G])→ G0(Q[G]) be the map induced by the flat
ring homomorphism Z[G]→ Q[G]. For every finitely generated Z[G]-module
M we have θ(σ[M ]) = θ([M ]). Therefore applying θ to (3.11), we have
[Q⊗Z ArF ]− [Q[S∞]] + [Q] = [Q⊗Z O
×
F ]− [Q[S∞]] + [Q] = 0
in G0(Q[G]). This shows that the difference between the left hand side and
the right hand side of Conjecture 3.9(b) lies in ker(θ), which is equal to
G0(Z[G])tors by [CR81, (39.14)]. The conclusion for Conjecture 3.9(a) follows
from this and from (3.12). 
The following conjecture is implied by Conjecture 3.9, and will suffice for
the applications to the Cohen–Lenstra–Martinet heuristics in Section 4.
Conjecture 3.13. Let F/K be a finite Galois extension of number fields,
let G be the Galois group, and let P a set of prime numbers not dividing
2 ·#G. Then the equalities
[Z(P ) ⊗Z A˜rF ] = d · [Z(P )[G]]− [Z(P )],
[Z(P ) ⊗Z ArF ] = [Z(P )[S∞]]− [Z(P )]− σ[Z(P ) ⊗Z µF ]
hold in G0(Z(P )[G]).
Remark 3.14. Conjecture 3.13 is equivalent to an affirmative answer to
[BLJ20, Question 5.5]. Thus in the special case that G is abelian andK = Q,
Conjecture 3.13 was proven unconditionally in [BLJ20, Theorem 5.4].
In Section 5 we will give further evidence for Conjectures 3.9 and 3.13, and
in particular show that they are implied by Chinburg’s Ω(3) conjecture.
4. Cohen–Lenstra–Martinet heuristics
In this section we propose a correction of the Cohen–Lenstra–Martinet
heuristics [CLJ84, CM90], taking into account the implications of Conjec-
ture 3.13. The notation introduced in the next two paragraphs will remain
in force throughout this section.
Let G be a finite group, let P be a set of prime numbers not dividing
2·#G, let the Q-algebra A be a quotient of Q[G] by a 2-sided ideal containing∑
g∈G g, let Λ be the image of Z(P )[G] in A, and let V be a finitely generated
Q[G]-module. For brevity, set VA = A⊗Q[G] V . Let MV be a set of finitely
generated Λ-modules M that satisfy A⊗ΛM ∼=A VA, and with the property
that for every finitely generated Λ-module M ′ satisfying A ⊗Λ M
′ ∼=A VA
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there exists a unique M ∈ MV such that M
′ ∼= M . Note that the set MV
is countable. In [BLJ17] it was shown that there is a unique “automorphism
index” function ia : MV × MV → Q>0 that behaves, in a precise sense
explained in [BLJ17, Theorem 1.1], like (L,M) 7→ #AutM#AutL , even when the
automorphism groups of M and of L are infinite. Fix M ∈ MV . If N is a
subset of MV and X is a positive real number, let NX be the finite set of
all L ∈ N whose torsion subgroup has order less than X. For N ⊂MV and
for a function f : N → C, define the expected value of f on N by
EN (f) = lim
X→∞

 ∑
L∈NX
ia(L,M)f(L)
/ ∑
L∈NX
ia(L,M)


when the limit exists. One of the defining properties of the function ia is that
for all L, M , and N ∈ MV one has ia(L,M) ia(M,N) = ia(L,N), whence
it follows that when EN (f) is defined, it is independent of the choice of M .
Let K be a number field, and let K¯ be an algebraic closure of K. Given a
pair (F, i), where F ⊂ K¯ is a Galois extension of K and i is an isomorphism
between the Galois group of F/K and G, we view Gal(F/K)-modules as
G-modules via i. Let F be the set of all pairs (F, i), where F ⊂ K¯ is a
Galois extension of K that contains no primitive p-th root of unity for any
prime number p ∈ P , and i is an isomorphism between the Galois group
of F/K and G such that there is an isomorphism Q[G] ⊗Z[G] O
×
F
∼= V of
Q[G]-modules. Assume that F is infinite.
For (F, i) ∈ F , let cF/K be the ideal norm of the product of the prime
ideals of OK that ramify in F/K. For a positive real number B, let Fc≤B =
{(F, i) ∈ F : cF/K ≤ B}. If M is a finitely generated Λ-module satisfying
A ⊗Λ M ∼=A VA, and f is a function defined on MV , then we write f(M)
for the value of f on the unique element ofMV that is isomorphic to M . In
[BLJ20] the following version of the Cohen–Lenstra–Martinet heuristic was
proposed (with slightly different notation).
Conjecture 4.1. Assume that the set P is finite, and let f be a “reason-
able”1 C-valued function on MV . Then the limit
lim
B→∞
∑
(F,i)∈Fc≤B
f(Λ⊗Z[G] ArF )
#Fc≤B
exists, and is equal to EMV (f).
If the assumption of finiteness on P is dropped, however, then Conjecture
3.13 can be an obstruction to the conclusions of Conjecture 4.1. For example
it was shown in [BLJ20, §4], as a consequence of a proven special case of
Conjecture 3.13, that without the finiteness assumption the conclusion of
Conjecture 4.1 does not hold, in general, for functions of the form M 7→
χ([M ]), where χ : G0(Λ) → C
× is a homomorphism of finite order. In the
remainder of the section, we formulate a Cohen–Lenstra–Martinet heuristic
without the hypothesis that P be finite.
1The notion of a “reasonable” function was made precise in [BLJ20], but will not
concern us further here.
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Proposition 4.2. Let (F, i) and (F ′, i′) ∈ F , and let S∞ and S
′
∞ be the
sets of Archimedean places of F and F ′, respectively. Then the equality
[Λ⊗Z[G] Z[S∞]] = [Λ⊗Z[G] Z[S
′
∞]]
holds in G0(Λ).
Proof. By definition of the family F , we have an isomorphism Q ⊗Z O
×
F
∼=
Q⊗ZO
×
F ′ of Q[G]-modules. By Dirichlet’s unit theorem, there is an isomor-
phism (R ⊗Z O
×
F )⊕ R
∼= R[S∞] of R[G]-modules, and similarly for O
×
F ′ . By
the Noether–Deuring theorem [CR81, Exercise 6.6], there are analogous iso-
morphisms of Q[G]-modules, so we have an isomorphism Q[S∞] ∼= Q[S
′
∞].
Since all point stabilisers for S∞ and S
′
∞ are inertia groups at Archimedean
places, they are all cyclic.
It follows from Artin’s induction theorem (e.g. by combining [Ser77, §13.1,
Corollary 1 and Theorem 30] and comparing dimensions) that if S and S′ are
finite G-sets with cyclic point stabilisers such that there is an isomorphism
Q[S] ∼= Q[S′] of Q[G]-modules, then the G-sets S and S′ are isomorphic. In
particular, there is then an isomorphism Z[S] ∼= Z[S′] of Z[G]-modules. The
result follows by applying this observation to the G-sets S∞ and S
′
∞. 
We define C(F) to be the common class of Λ ⊗Z[G] Z[S∞] in G0(Λ) for all
(F, i) ∈ F , where S∞ is the G-set of Archimedean places of F .
Heuristic 4.3. Let N = {M ∈ MV : [M ] = C(F) in G0(Λ)}, and let f be
a “reasonable” C-valued function on MV . Then the limit
lim
B→∞
∑
(F,i)∈Fc≤B
f(Λ⊗Z[G] ArF )
#Fc≤B
exists, and is equal to EN (f).
5. The relation to Chinburg’s Ω(3) conjecture
The purpose of this section is to give some evidence for Conjectures 3.9
and 3.13. We will first explain that Conjecture 3.9 follows from Conjecture
5.6 below, which is a weaker variant of Chinburg’s Ω(3) conjecture [Chi85,
Conjecture 3.1]. We will then prove the following concrete result.
Proposition 5.1. Let F/K be a finite Galois extension of number fields,
let G be the Galois group, and let G′ be its commutator subgroup.
(a) If F/Q is abelian, then Conjecture 3.9 holds for F/K.
(b) If FG
′
/Q is abelian and #G < 112, then Conjecture 3.13 holds for F/K.
We first briefly review some material from algebraic K-theory. We refer the
reader to [CR87, §38, §39, §49] for further details.
Let R be a Dedekind domain and let Λ be an R-order. Let K0(Λ) de-
note the Grothendieck group of the category of finitely generated projective
Λ-modules. By definition, K0(Λ) is the additive group generated by expres-
sions [P ], one for each isomorphism class of finitely generated projective Λ-
modules P , with relations [P1⊕P2] = [P1]+ [P2] for all such modules P1, P2.
By [CR87, (38.50)], the group K0(Λ) can be identified with the Grothendieck
group of the category of finitely generated Λ-modules of finite projective di-
mension.
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For each maximal ideal p of R, let Rp denote the localisation of R at p,
and define Λp = Rp⊗RΛ. A Λ-lattice M is said to be locally free if Λp⊗ΛM
is free over Λp for every such p. Let K0(Λ)→ K0(Λp) be the map induced by
the ring homomorphism Λ→ Λp. Then the locally free class group Cl(Λ) is
defined to be the kernel of the homomorphism K0(Λ) →
∏
p
K0(Λp), where
the product runs over all maximal ideals p of R (see [CR87, (39.12)]). By
[CR87, (39.13)] we have
Cl(Λ) = {[Λ]− [L] ∈ K0(Λ) : L 6= 0 is a locally free left ideal of Λ}. (5.2)
Note that there are several equivalent definitions of Cl(Λ) (see [CR87, §49A],
particularly [CR87, p. 223]).
We now recall the statement of Chinburg’s Ω(3) conjecture. For the rest
of the section, let F/K be a finite Galois extension of number fields and let
G be the Galois group. For any finite G-stable set S of places of F , let XS
be the kernel of the augmentation map Z[S] → Z. Henceforth let S be a
finite G-stable set of places of F such that
(i) S contains the Archimedean places S∞ of F ,
(ii) S contains the ramified places of F/K, and
(iii) for every subfield N of F containing K, the ideal class group of N is
generated by the classes {[p ∩ ON ] : p ∈ S \ S∞}.
Tate [Tat66, p. 711] defined a canonical class α = αS ∈ Ext
2
Z[G](XS ,O
×
F,S),
and showed the existence of so-called Tate sequences [Tat84, II, The´ore`me
5.1], that is, four term exact sequences of finitely generated Z[G]-modules
0 −→ O×F,S −→ A −→ B −→ XS −→ 0 (5.3)
representing α, where A and B are of finite projective dimension. In [Chi85],
Chinburg defined Ω(F/K, 3) = [A] − [B] ∈ K0(Z[G]). Moreover, he showed
that Ω(F/K, 3) lies in the locally free class group Cl(Z[G]), and depends
only on the extension F/K; in particular, it does not depend on the choice
of S or on the choice of exact sequence (5.3).
The root number class WF/K ∈ Cl(Z[G]) was defined by Ph. Cassou-
Nogue`s in the case that F/K is at most tamely ramified, and was generalised
to wildly ramified extensions F/K by Fro¨hlich [Fro¨78]. It is an element of
order at most 2, and is defined in terms of the Artin root numbers of the
irreducible symplectic characters of G. Moreover, if G has no irreducible
symplectic characters (for example, if G is abelian or of odd order), then
WF/K is trivial by definition.
Conjecture 5.4 (Chinburg’s Ω(3) conjecture). There is an equality
Ω(F/K, 3) =WF/K .
Theorem 5.5. If F/Q is abelian, then Ω(F/K, 3) =WF/K = 0.
Proof. This is a special case of [BF06, Corollary 1.4]. 
Fix, for the rest of the section, a maximal orderM in Q[G] containing Z[G],
let ρ : Cl(Z[G]) → Cl(M) be the map induced by the ring homomorphism
Z[G] → M, and define the kernel subgroup D(Z[G]) of Cl(Z[G]) to be the
kernel of ρ. If M′ is any other maximal order in Q[G] containing Z[G], and
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ρ′ : Cl(Z[G]) → Cl(M′) is the analogous map, then by [CR87, (49.34)] the
kernel of ρ is equal to that of ρ′.
Conjecture 5.6 (Chinburg’s Ω(3) conjecture modulo the kernel group).
We have Ω(F/K, 3) ≡WF/K mod D(Z[G]).
Proposition 5.7. Conjecture 5.6 for F/K implies Conjecture 3.9 for F/K.
In order to prove this result, we will make use of the following lemma. Let
Ψ(F/K) = [O×F ]− [XS∞ ]− [ClF ] ∈ G0(Z[G]).
Lemma 5.8. Conjecture 3.9 for F/K is equivalent to the vanishing of
Ψ(F/K). Moreover, we always have Ψ(F/K) ∈ G0(Z[G])tors.
Proof. By Corollary 3.7, Conjecture 3.9(a) is equivalent to the assertion that
[Z] = σ([Z[S]]− [O×F,S ])
in G0(Z[G]). Since σ[Z] = [Z], this is equivalent to
[O×F,S] = [Z[S]]− [Z] = [XS ].
By Corollary 3.8 with S′ = S∞, this in turn is equivalent to Ψ(F/K) = 0.
The last claim follows from Lemma 3.10. 
It is well known to experts in Galois module theory that Conjecture 5.6
for F/K implies the vanishing of Ψ(F/K) (see [Chi83, III], [CNCFT91, §4,
Proposition 6] or [CKPS98, §1]). We will recall this argument in the following
proof and give some additional references.
Proof of Proposition 5.7. We begin with some observations that are uncon-
ditional, i.e. do not depend on Conjecture 5.6. Let µ : K0(Z[G])→ G0(Z[G])
denote the Cartan map, which is induced by letting µ([A]) = [A] if A is a
finitely generated projective Z[G]-module. Then it follows from the defini-
tion of Ω(F/K, 3), from the exact sequence (5.3), and from Corollary 3.8
with S′ = S∞, that one has the equalities
µ(Ω(F/K, 3)) = [A]− [B] = [O×F,S ]− [XS ] = Ψ(F/K).
Moreover, a special case of a result of Queyrut [Que85, Proposition 2.3]
shows that µ(WF/K) = 0.
Let ξ ∈ Cl(Z[G]). Write ξ = [Z[G]] − [L], where L is a locally free left
ideal of Z[G], which we may do by (5.2). By [CR81, Exercise 31.10] we have
ξ = [Z[G]]− [L] = [M]− [M⊗Z[G] L] in G0(Z[G]).
Hence we have the following commutative diagram of abelian groups:
Cl(Z[G])
ρ

µ // G0(Z[G])
Cl(M)
µ′ // G0(M),
α
OO
where α is induced by restriction, and µ′ is defined analogously to µ.
Now suppose that Conjecture 5.6 holds for F/K. By definition of D(Z[G]),
this is equivalent to ρ(Ω(F/K, 3)) = ρ(WF/K). Since µ factors via ρ, we have
Ψ(F/K) = µ(Ω(F/K, 3)) = µ(WF/K) = 0.
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The result now follows from Lemma 5.8. 
Proof of Proposition 5.1. If F/Q is abelian, then Conjecture 3.9 for F/K
follows from Theorem 5.5 and Proposition 5.7. This proves part (a) of the
proposition.
We now prove part (b). Suppose that FG
′
/Q is abelian and #G < 112. For
an element C of G0(Z[G]), let Z(P )⊗C denote the image of C in G0(Z(P )[G]).
Then by Lemma 5.8, we have Z(P ) ⊗ Ψ(F/K) ∈ G0(Z(P )[G])tors, and the
claim is equivalent to the assertion that Z(P ) ⊗Ψ(F/K) = 0.
Let Irrna(G) denote the set of complex irreducible characters of G of de-
gree greater than 1 (“na” stands for “non-abelian”), and for χ, χ′ ∈ Irrna(G)
write χ ∼ χ′ if there exists τ ∈ Gal(Q¯/Q) such that χ = τ ◦ χ′. Then there
is a direct product decomposition of Q-algebras
Q[G] ∼= Q[G/G′]×
∏
χ∈Irrna /∼
Aχ,
where the product is taken over a full set of representatives of Galois orbits
of non-abelian characters of G, and each Aχ is a simple Q-algebra. By [CR81,
(27.1)], the Z(P )-order Z(P )[G] is maximal in Q[G], so there is a correspond-
ing direct product decomposition Z(P )[G] ∼= Z(P )[G/G
′] ×
∏
χ∈Irrna /∼
Rχ,
where each Rχ is a maximal Z(P )-order in Aχ, and accordingly a direct sum
decomposition of abelian groups
G0(Z(P )[G])tors ∼= G0(Z(P )[G/G
′])tors ⊕
⊕
χ∈Irrna /∼
G0(Rχ)tors.
The claim that Z(P )⊗Ψ(F/K) = 0 in G0(Z(P )[G])tors is therefore equivalent
to the claim that the image of Ψ(F/K) in each of the above summands is 0.
Since P does not contain any prime divisors of #G′, it is easily seen
that the image of Ψ(F/K) in G0(Z(P )[G/G
′])tors is equal to the image of
Ψ(FG
′
/K). Since FG
′
/Q is abelian, that image is 0 by part (a) of the propo-
sition.
For every χ ∈ Irrna(G), let Zχ denote the centre of Aχ. Then by [CR87,
(38.67)], the group G0(Rχ)tors is the quotient of the narrow class group of
Zχ if χ is symplectic, and of the usual ideal class group of Zχ otherwise,
by the subgroup generated by the non-zero integral prime ideals of the ring
of integers of Zχ not dividing any element of P . A direct computation, e.g.
using the computational algebra system Magma [BCP97], shows that since
#G < 112, all these quotients are trivial, which completes the proof. 
Remark 5.9. There are exactly two groups of order 112 that have an ir-
reducible character χ of degree greater than 1 such that, in the notation of
the proof of Proposition 5.1, the group G0(Rχ)tors is non-trivial. Each has
exactly one such character, in both cases of degree 2. The two groups are
both semidirect products of a cyclic group C of order 56 and a group H of
order 2. Let x ∈ C be an element of order 7, and let y ∈ C be an element
of order 8. In one semidirect product, the non-trivial element of H acts on
C by x 7→ x−1 and y 7→ y5; and in the other it acts on C by x 7→ x−1 and
y 7→ y3. These are the two smallest Galois groups G for which we do not
currently know Conjecture 3.13 with K = Q.
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